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We investigate the dynamics of an optomechanical system where a cavity with a movable mir-
ror involves a degenerate optical parametric amplifier and is driven by a periodically modulated
laser field. Our results show that the cooperation between the parametric driving and periodically
modulated cavity driving results in a two-fold squeezing on the movable cavity mirror that acts as
a mechanical oscillator. This allows the fluctuation of the mechanical oscillator in one quadrature
(momentum or position) to be reduced to a level that cannot be reached by solely applying either
of these two drivings. In addition to the fundamental interests, e.g., study of quantum effects at the
macroscopic level and exploration of the quantum-to-classical transition, our results have potential
applications in ultrasensitive sensing of force and motion.
I. INTRODUCTION
Squeezing associated with the mechanical motion
of a massive object [1–9] refers to the reduction of
the quantum fluctuation in its position or momentum
below the vacuum level, which is not only important
for fundamental test of quantum theory [10], such as
exploration of the quantum-classical boundary [11],
but also have potential applications in high-precision
measurement [12, 13]. In analogy to the standard
parametric techniques applied for squeezing of opti-
cal fields, the thermal noise of a mechanical oscillator
can be reduced directly via parametrical modulation
of the mechanical spring constant [14]. However, even
though the mechanical oscillator is initially prepared
in its quantum ground state, the parametric approach
failed to generate a steady-state squeezing of mechan-
ical motion below one half of the zero-point level (i.e.
the well-known 3-dB limit) due to the onset of insta-
bility.
In cavity optomechanical systems [15–21], theoret-
ical schemes for surpassing the 3-dB limit to realize
mechanical squeezing have been proposed, e.g. by in-
jecting a broad band squeezed light into the cavity
to transfer optical squeezing into mechanical mode
[22, 23] or by driving the optical cavity with two-
tone control lasers of different amplitudes combined
with a reservoir engineering technique [24, 25], based
on which the experimental demonstration of station-
ary squeezing beyond the 3-dB limit was recently
achieved [26]. Additionally, it was shown that me-
chanical squeezing can also be generated simply by us-
ing a periodically amplitude-modulated driving laser
[27] or by directly coupling an optical parametric am-
plifier (OPA) to the optical cavity [28] , without the
requirement of classical feedback and of the input of
squeezed light [29]. Despite the advantages of each
scheme on certain conditions, it is still highly desirable
to further strengthen the mechanical squeezing, and
then the following important problems remain open:
Does there exist a cooperative effect when the physical
processes used for different methods are applied at the
same time? If yes, to what extent can the mechanical
squeezing be enhanced by this cooperative effect?
In this paper, we study the quantum dynamics of an
optical cavity that has a movable mirror and contains
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Figure 1. (Color online) (a) Sketch of the optomechan-
ical setup. The optomechanical cavity that is driven
by a periodically amplitude-modulated laser field con-
tains an OPA, which is pumped by a laser of the fre-
quency twice of the cavity resonance. See text for de-
tails. (b) Two-fold mechanical squeezing. The fluctu-
ation in one quadrature of the mechanical mode, re-
duced to S1 by the periodically amplitude-modulated
cavity driving, is further shrunk to S2 with the addi-
tion of the OPA driving. (c), (d) Phase space trajec-
tories of the first moments of the mechanical mode for
t = [200τ, 360τ ] and optical mode for t = [20τ, 160τ ]
with numerical simulations (blue), and analytical approx-
imations of the asymptotic orbits (green dash). Param-
eters are (κ,∆0, g, γm) /ωm =
(
0.1, 1.06, 4× 10−6, 10−6),
(E0, E+1, E−1)/ωm = (1.4, 0.7, 0.7) × 104, Λ/κ = 0.3,
θ = pi, na = 0, nm = 100, and Ω = 2ωm.
a degenerate OPA, and which is driven by a laser field
with periodically modulated amplitude, as shown in
Fig. 1(a). Our results reveal a cooperation-based en-
hancement of the squeezing in the fluctuation of the
momentum or position of the cavity mirror. Both the
parametric pump driving and periodically modulated
cavity driving contribute to the reduction of the me-
chanical fluctuation. The resulting two-fold squeezing
exceeds the squeezing that can be achieved solely by
either of these two processes [see Fig. 1(b)]. The
idea may be generalized to realize cooperation-based
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2enhancement of other quantum effects in complex op-
tomechanical systems, e.g., entanglement between two
mechanical oscillators or entanglement between a light
field and a mechanical oscillator [30, 31].
II. THEORETICAL MODEL
We consider an optomechanical system where a de-
generate OPA placed in a Fabry-Perot cavity of length
L and finesse F , with one fixed and partially trans-
mitting mirror, and one movable and totally reflect-
ing mirror [29, 32]. The movable mirror is treated as
a quantum-mechanical harmonic oscillator with effec-
tive massm, frequency ωm, and energy decay rate γm.
The cavity mode of resonant frequency ωc is driven
by an external laser of the carrier frequency ωl (along
the cavity axis) with periodically modulated ampli-
tude E(t) =
∑+∞
n=−∞Ene
−inΩt, where Ω = 2pi/τ with
τ > 0 being the modulation period, and the mod-
ulation coefficients {En} are related to the power of
the associated sidebands {Pn} by |En| =
√
2κPn/~ωl,
with κ = pic/(2FL) being the cavity decay rate due
to photon leakage through the fixed mirror. The de-
generate OPA in the optical cavity is pumped by a
coherent field at frequency 2ωp, which leads to the
squeezing of cavity field [33, 34], affecting the state of
the movable cavity mirror through the optomechanical
coupling. We denote the gain of the OPA by Λ (which
depends on the pumping intensity) and the phase of
the pump driving as θ. The total Hamiltonian of the
system in the frame rotating at the laser frequency ωl
can be written as (~ = 1)
H =∆0a
†a+
ωm
2
(p2 + q2)− ga†aq
+ iΛ(eiθa†2e−i2∆pt − e−iθa2ei2∆pt)
+ i[E(t)a† − E∗(t)a]. (1)
Here, ∆0 = ωc − ωl, ∆p = ωp − ωl, a and a† are an-
nihilation and creation operators of the cavity mode,
q and p are the position and momentum operators for
the movable mirror satisfying the standard canonical
commutation relation [q, p] = i, and g=xZPFωc/L
is the single-photon coupling strength between light
and mechanical oscillator arising from the radiation
pressure force, with xZPF =
√
~/2mωm being the
zero-point motion of the mechanical mode.
When the mechanical damping and cavity decay are
included, the dissipative dynamics of the open sys-
tem can be described by the following set of quantum
Langevin equations (QLEs) [35]
q˙ =ωmp,
p˙ =− ωmq − γmp+ ga†a+ ξ(t),
a˙ =− (κ+ i∆0)a+ igaq + E(t) + 2Λeiθa†e−i2∆pt
+
√
2κain(t), (2)
where both the optical (ain) and mechanical (ξ) noise
operators have zero-mean value, and the nonzero cor-
relation functions of ain are 〈a†in(t)ain(t′)〉 = naδ(t−
t′) and 〈ain(t)a†in(t′)〉 = (na + 1)δ(t − t′) with
na = [exp(~ωc/kBT ) − 1]−1 being the thermal pho-
ton number and that of ξ(t) is given by 〈ξ(t)ξ(t′)〉 =
γm
ωm
∫
dω
2pi e
−iω(t−t′)ω[1 + coth( ~ω2kBT )] [36, 37]. For the
specific case where the mechanical oscillator has a
good quality factor Q ≡ ωm/γm  1, ξ(t) becomes
delta-correlated 〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 = γm(2nm +
1)δ(t − t′) [38, 39], which corresponds to the Marko-
vian process with nm = [exp(~ωm/kBT )− 1]−1 being
the mean thermal excitation number in the mechani-
cal mode.
III. DYNAMICS OF THE FIRST MOMENTS
OF THE OPTICAL AND MECHANICAL
MODES
Suppose that the external drivings are strong
enough such that the intracavity photon number is
much larger than 1, we can rewrite each Heisenberg
operator as O = 〈O(t)〉 + δO (O = q, p, a), where
δO are quantum fluctuation operators with zero-mean
values; and justify that
〈
a†(t)a(t)
〉 ' |〈a(t)〉|2 and
〈a(t)q(t)〉 ' 〈a(t)〉 〈q(t)〉 are valid approximations.
Applying the standard linearization techniques to the
QLEs (2) and setting ∆p = Ω/2 for the consideration
of mechanical squeezing, we thus obtain the equations
for the first moments of the optical and mechanical
modes
〈q˙(t)〉 =ωm 〈p(t)〉 ,
〈p˙(t)〉 =− ωm 〈q(t)〉 − γm 〈p(t)〉+ g |〈a(t)〉|2 ,
〈a˙(t)〉 =− (κ+ i∆0) 〈a(t)〉+ ig 〈a(t)〉 〈q(t)〉
+ E(t) + 2Λeiθ 〈a(t)〉∗ e−iΩt, (3)
and the linearized QLEs for the quantum fluctuations
δq˙ = ωmδp,
δp˙ = −ωmδq − γmδp+ g[〈a(t)〉 δa† + 〈a(t)〉∗ δa] + ξ(t),
δa˙ = −(κ+ i∆)δa+ ig 〈a(t)〉 δq + 2Λeiθδa†e−iΩt
+
√
2κain(t), (4)
where ∆(t) = ∆0 − g 〈q(t)〉 is slightly modulated by
the mechanical motion.
The phase space trajectories of the first moments
〈O(t)〉 can be found by simulating Eq. (3) for a set of
typical parameters [see Figs. 1(c)-(d)] [40]. When the
system is far away from the optomechanical instabili-
ties and multistabilities [41], the semiclassical dynam-
ics in the steady state will evolve toward a fixed orbit
with a period being equal to the modulation period
of the cavity driving τ . Moreover, since the two non-
linear terms in Eq. (3) are both proportional to the
coupling strength g, the asymptotic solutions of 〈O(t)〉
can then be expanded perturbatively in the powers of
g and in terms of the Fourier components for g  ωm
[27, 42]
〈O(t)〉 =
∞∑
j=0
∞∑
n=−∞
On, je
inΩtgj . (5)
Substituting Eq. (5) into Eq. (3), we can then obtain
the recursive formulas for the time-independent coef-
ficients On, j (see Appendix A). By truncating the se-
ries to the first terms with indexes j = 0, 1, ..., 6 and
3n = −1, 0, 1, we find that the analytical approxima-
tions for 〈O(t)〉 agree well with the numerical results
shown in Fig. 1(c)-(d). Thus, the linearized dynamics
can be evaluated with high accuracy for the effective
optomechanical coupling simply written as
G(t) = g0 + g1e
−iΩt + g−1eiΩt, (6)
where gn = |gn|eiφn = 1√2
∞∑
j=0
a−n,jgj+1 with n =
−1, 0, 1.
IV. QUANTUM FLUCTUATIONS AND
TWO-FOLD MECHANICAL SQUEEZING
To examine the effect of the modulation sidebands
(∼ e±iΩt), we introduce the mechanical annihilation
and creation operators δb = (δq + iδp)/
√
2, δb† =
(δq − iδp)/√2. Then, the QLEs for δa and δb are
δa˙ = −i∆δa+ iG(t)(δb† + δb) + 2Λeiθδa†e−iΩt − κδa
+
√
2κain(t),
δb˙ = −iωmδb− γm
2
(δb− δb†) + i[G(t)δa† +G∗(t)δa]
+
√
γmbin(t), (7)
with the mechanical noise operator bin satisfying
〈bin〉 = 0, 〈b†in(t)bin(t′)〉 = nmδ(t − t′), and
〈bin(t)b†in(t′)〉 = (nm + 1) δ(t − t′). We assume that
the modulation frequency satisfies Ω = 2ωm and the
carrier frequency of the laser field driving the cav-
ity is close to the anti-Stokes sideband, which leads
to ∆ = ∆0 − g〈q(t)〉 ' ωm for weak optomechanical
single-photon coupling. We further assume that the
system is working in the resolved sideband regime:
ωm  κ, and the driving fields are weak: ωm 
|g0|, |g−1|, |g1|. Under these conditions, if we substi-
tute the slow varying fluctuation operators δa(t) =
δa˜(t)e−i∆t, δb(t) = δb˜(t)e−iωmt, ain(t) = a˜in(t)e−i∆t
and bin(t) = b˜in(t)e−iωmt into Eq. (7), the terms ro-
tating at ±2ωm and ±4ωm can be ignored in the ro-
tating wave approximation (RWA), which leads to
δ ˙˜a = ig0δb˜+ ig1δb˜
† + 2Λeiθδa˜† − κδa˜+
√
2κa˜in(t),
δ
˙˜
b = ig∗0δa˜+ ig1δa˜
† − γm
2
δb˜+
√
γmb˜in(t). (8)
Note that a˜in (b˜in) has the same correlation func-
tion as ain (bin). We then introduce the optical
and mechanical quadratures with the tilded opera-
tors δx˜ = (δa˜ + δa˜†)/
√
2, δy˜ = (δa˜ − δa˜†)/i√2,
δq˜ = (δb˜ + δb˜†)/
√
2, δp˜ = (δb˜ − δb˜†)/i√2, and the
corresponding noise operators x˜in = (a˜in + a˜
†
in)/
√
2,
y˜in = (a˜in − a˜†in)/i
√
2, q˜in = (b˜in + b˜
†
in)/
√
2, p˜in =
(b˜in − b˜†in)/i
√
2, in terms of which the QLEs (8) can
be rewritten as
U˙ t) = M˜U(t) +N(t), (9)
where U(t) = [δq˜, δp˜, δx˜, δy˜]T , N(t) =
[
√
γmq˜in,
√
γmp˜in,
√
2κx˜in,
√
2κy˜in], and
M˜ =
 −
γm
2 0 Img− −Reg−
0 −γm2 Reg+ Img+−Img+ −Reg− −κ+ 2Λ cos θ 2Λ sin θ
Reg+ −Img− 2Λ sin θ −κ− 2Λ cos θ

(10)
with g± = g0 ± g1. Note that the stability conditions
derived from the Routh-Hurwitz criterion require the
parametric gain to fulfill Λ¯ ≡ 2Λ/κ < 1, the calcula-
tion of which is fussy and will not be shown here.
The mechanical squeezing can be measured by the
variance of the tilded fluctuations
〈
δq˜2
〉
and
〈
δp˜2
〉
,
which are just the first two diagonal elements of the
tilded covariance matrix V˜i,j(t) = [〈Ui(t)Uj(t)〉 +
〈Uj(t)Ui(t)〉]/2. Using Eqs. (8)-(9), V˜ (t) in the steady
state is dominated by the Lyapunov equation (see Ap-
pendix A)
M˜V˜ + V˜ M˜T = −D (11)
with D = diag[0, γm(2nm+1), κ(2na+1), κ(2na+1)].
Eq. (11) can be analytically solved in the parameter
regime with negligible mechanical damping γm ≈ 0
and null thermal photon number na = 0, leading to〈
δq˜2
〉
= SΩ− − Λ¯SΛ−,
〈
δp˜2
〉
= SΩ+ + Λ¯S
Λ
+, (12)
where SΩ∓ = (|g0|2 + |g1|2 ∓ 2|g0||g1| cosφr)N−1,
SΛ∓ = [|g0|2 cosφr,0 + |g1|2 cosφr,1 ∓
2|g0||g1| cos(φr,0+φr,12 )]N−1, N = 2(1 − Λ¯
2
)(|g0|2 −
|g1|2), with φr ≡ φ1 − φ0, φr,0 ≡ θ − 2φ0, and
φr,1 ≡ θ − 2φ1. Eq. (12) shows that, under the
interplay between the periodic cavity driving and
the parametric interaction, the fluctuations of the
position and momentum of the mechanical oscillator
strongly depend on the phase matching condition.
To clarify the underlying physics clearly, we assume
φr = pi, φr,0 = pi and φr,1 = −pi, then the variance of
the position and momentum fluctuations reduce to〈
δq˜2
〉
=
1
2
1 + | g1g0 |
1− | g1g0 |
(1− Λ¯)−1, (13)
〈
δp˜2
〉
=
1
2
1− | g1g0 |
1 + | g1g0 |
(1 + Λ¯)−1, (14)
which reveal that the mechanical mode is squeezed in
momentum (i.e.
〈
δp˜2
〉
< 0.5). Alternatively, the po-
sition squeezing can be achieved by setting φr = 0,
φr,0 = 0 and φr,1 = 0. More importantly, Eq. (14)
shows that the cooperation between the two driving
fields results in a two-fold squeezing: The coefficient
(1−| g1g0 |)/(1+ |
g1
g0
|) describes the squeezing effect pro-
duced by the periodically modulated cavity driving,
while (1 + Λ¯)−1 corresponds to the effect associated
with the parametric driving.
The two-fold mechanical squeezing can be further
understood by introducing the Bogoliubov mode de-
fined as δB ≡ δb˜ cosh r + eiφrδb˜† sinh r with tanh r =
|g1|/|g0| [2, 24], which evolves according to the QLEs
δB˙ = ig∗Bδa˜−
γm
2
δB +
√
γmBin,
δ ˙˜a = −κδa˜+ igBδB + 2Λeiθδa˜† +
√
2κa˜in, (15)
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Figure 2. (Color online) (a) 〈δp˜2〉 versus cooperativity
parameter C under RWA [Eq. (18)] and with counter-
rotating terms (CRT) included [Eq. (7)] for, |g1|/|g0| =
0.6, |g−1|/|g1| = 0.3, and a set of OPA gains Λ¯. (b) 〈δp˜2〉
versus Λ¯ and tanh r for C = 1.0 × 104. The black region
indicates that the mechanical oscillator is not squeezed.
The white line denotes the optimal parametric gain Λ¯ with
which the momentum squeezing reaches its maximum for a
given tanh r. (c) 〈δp˜2〉 versus Λ¯ for different cooperativity
parameters C with tanh r = 0.6. The black arrows indicate
the optimal squeezing. (d) 〈δp˜2〉 versus Λ¯ for different
modulations of the cavity driving with C = 5 × 104. The
makers in (c)-(d) indicate the numerical counterpart via
the Fourier transformation, see Appendix C. In all figures
other parameters are κ/ωm = 0.1, na = 0, nm = 100,
γm/ωm = 10
−6.
with gB =
√|g0|2 − |g1|2eiφ0 . Since the vac-
uum state of the Bogoliubov mode corresponds to
a squeezed state, the noise input Bin for δB has
zero mean and the nonzero correlation functions
〈B†in(t)Bin(t′)〉 = [(nm + 1) sinh2 r + nm cosh2 r]δ(t−
t′) and 〈Bin(t)B†in(t′)〉 = [(nm + 1) cosh2 r +
nm sinh
2 r]δ(t−t′). By applying the adiabatic approx-
imation for κ  |gB | (i.e. δ ˙˜a=0) [29], and consider-
ing the phase matching condition (φr,0 = pi) for mo-
mentum squeezing, we find that the variance of the
quadrature δpB = 1√2i (δB − δB†) in the steady state
reads (see Appendix B)
〈δp2B〉 =
κγm(1 + Λ¯)
4 |gB |2
(2 sinh2 r + 1)(2nm + 1)
+
1
2(1 + Λ¯)
(2na + 1). (16)
For φr = pi, the variance of the momentum fluctu-
ation for the original mechanical mode has a simply
analytical form
〈δp˜2〉 = (cosh r − sinh r)2〈δp2B〉, (17)
which is exactly the result of Eq. (14) for γm = 0,
na = 0. This result can be roughly explained as fol-
lows: The periodically modulated cavity driving pro-
duces a squeezing effect on the momentum fluctuation
of the mechanical mode, which mathematically cor-
responds to converting the normal mechanical mode
into the Bogoliubov mode through a unitary trans-
formation equivalent to a squeezed operator. As a
consequence, the “momentum” fluctuation of the Bo-
goliubov mode at the “vacuum” level corresponds to
the normal momentum fluctuation below the vacuum
level (
〈
δp˜2
〉
< 0.5). The parametric driving further re-
duces the “momentum” fluctuation of the Bogoliubov
mode below the “vacuum” level, resulting in a second
squeezing effect.
V. THE EFFECT OF MECHANICAL
DAMPING AND EXPERIMENTAL
FEASIBILITY
Considering the effect of the mechanical damping
γm 6= 0, the variances of the fluctuations
〈
δq˜2
〉
and〈
δp˜2
〉
can again be calculated by the Lyapunov equa-
tion (11). As an example, when the phases φ0 = 0,
φr = pi and θ = pi are set and the cooperativity
parameter C = 4|g0|2/(κγm) is large so that C˜ ≡
C(1 − tanh2 r)  2(1 + Λ¯), the variance of the mo-
mentum is approximately given by
〈
δp˜2
〉 ≈ (cosh r − sinh r)2
2(1 + Λ¯)
+(2nm + 1)[
1 + Λ¯
C˜
+
γm
4κ(1 + Λ¯)
]. (18)
which agrees well with its numerical counterpart ob-
tained by simulation of Eq. (7), as shown in Fig. 2(a).
For |g1| ' |g0| (corresponding to tanh r → 1), the ef-
fective coupling between the Bogoliubov mode and the
cavity mode becomes negligible, and
〈
δp˜2
〉 ' nm + 12
is mainly determined by the thermal occupation of
the mechanical mode with γm  κ, implying that the
mechanical mode is not squeezed [see Fig. 2(b)] [25].
In this case, the self-cooling of the mechanical oscilla-
tor through the photon-phonon sideband coupling is
suppressed [43–45], therefore, the mechanical oscilla-
tor may stay far away from the ground state [24, 46].
Generally, there exists an optimal squeezing for 〈δp˜2〉
corresponding to the best efficiency of the cooperation
between the two driving fields, which can be readily
found by setting d〈δp˜2〉/dΛ¯ = 0 for an appropriate
amplitude modulation |g1|/|g0| (i.e. a given tanh r).
For C˜  1, 〈δp˜2〉 reaches its minimum when the opti-
mal parametric gain satisfies Λ¯opt = η2 (1+
√
1 + C˜η )−1
with η = (cosh r−sinh r)
2
nm+
1
2
+ γmκ , which is indicated in
Fig. 2(b). Note that an effective cooperation im-
plies a non-negative Λ¯opt, which imposes a threshold
of C˜thr = 4(η−1 − 1) on C˜, namely C˜ > C˜thr. In ad-
dition, the stability condition Λ¯opt < 1 requires C˜ <
C˜ins with C˜ins = 8(2η−1 − 1), beyond which the best
cooperation efficiency always appears at Λ¯opt → 1,
in vicinity of instability, see Fig. 2(c) for the exam-
ple of tanh r = 0.6, where we find C˜thr ≈ 1.6 × 103
(Cthr ≈ 2.5× 103) and C˜ins ≈ 6.4× 103 (Cins ≈ 104).
5Considering the set of experimentally feasible pa-
rameters [40]: L = 25 mm, F = 1.4× 104, ωm/2pi = 1
MHz, Q = 106, m = 150 ng, T = 5 mK and the
power of the carrier component P0 = 1 mW of the
driving laser (λ = 1064 nm), we show in Fig. 2(d) that
the degree of squeezing for the mechanical momentum
with C = 5 × 104 and thermal occupation nm = 100
is monotonically improved as the dimensionless para-
metric gain Λ¯ increases for tanh r = 0, 0.2, 0.4, 0.6 due
to C˜ > C˜ins. Under this condition, the momentum
fluctuation is reduced from 0.219 (3.57 dB) to 0.117
(6.29 dB) for tanh r = 0.4, and from 0.132 (5.79 dB)
to 0.0756 (8.21 dB) for tanh r = 0.6 as the parametric
gain Λ¯ is increased from 0 to the optimal value 0.99.
The momentum squeezing can be further increased for
a larger C/nm ratio (the so-called quantum coopera-
tivity) under the best efficiency of the two-field coop-
eration. Our results clearly show that, with suitable
choice of the system parameters, both the cavity driv-
ing and parametric interaction significantly contribute
to the reduction of the mechanical momentum fluctu-
ation; their cooperation is important for realization of
a strong mechanical squeezing.
VI. CONCLUSION
In summary, we have shown that the parametric
driving and the periodically modulated cavity driv-
ing, simultaneously applied to a cavity optomechani-
cal system, can result in a two-fold squeezing effects
on the mechanical oscillator. This enables implemen-
tation of strong squeezing for a macroscopic oscilla-
tor, which exceeds the result that is solely produced
by either of these two drivings. Our results show
that different physical processes, each producing a
weak quantum effect, can cooperate to enhance the
quantum effect. Our idea can be generalized to more
complex optomechanical systems to realize two-fold
two-mode squeezing, offering a possibility to produce
strong mechanical-mechanical or optomechanical en-
tanglement that can exceed the bound imposed by
present methods.
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Appendix A: Periodic motion and quantum
dynamics of the mechanical oscillator in the
steady state
The time-independent coefficients On, j in the
Fourier expansion of 〈O(t)〉 (O = q, p, a) given by Eq.
(5) can be found by substituting Eq. (5) into Eq. (3),
leading to the following recursive formulas
pn,0 = 0, qn,0 = 0, (A1)
an,0 =
[κ− i (∆0 − (n+ 1)Ω)]E−n + 2ΛeiθEn+1
[κ− i (∆0 − (n+ 1)Ω)] [κ+ i (∆0 + nΩ)]− 4Λ2 ,
corresponding to the zeroth-order perturbation with
respect to g, and with j > 0,
qn,j = ωm
j−1∑
k=0
∞∑
m=−∞
a∗m,kan+m,j−k−1
ω2m − (nΩ)2 + iγmnΩ
,
pn,j =
inΩ
ωm
qn,j , (A2)
an,j =
2Λeiθa∗−n−1,j
κ+ i(∆0 + nΩ)
+ i
j−1∑
k=0
∞∑
m=−∞
am,kqn−m,j−k−1
κ+ i(∆0 + nΩ)
.
Using Eq. (A1) and (A2), the quantum dynamics of
the mechanical oscillator can be studied through the
linearized QLEs (4).
We introduce the amplitude and phase quadra-
tures of the cavity mode as δx = (δa + δa†)/
√
2,
δy = (δa − δa†)/i√2 and the analogous input quan-
tum noise quadratures as δxin = (δain + δa
†
in)/
√
2,
δyin = (δain − δa†in)/i
√
2 for convenience. Then the
time-dependent equations of motion for the quantum
fluctuations u(t) = [δq, δp, δx, δy]T arise as
u˙(t) = M(t)u(t) + n(t), (A3)
with the drift matrix
M(t) =
 0 ωm 0 0−ωm −γm 2Gx(t) 2Gy(t)−2Gy(t) 0 −κ+ 2Λ cos θ¯ ∆− 2Λ sin θ¯
2Gx(t) 0 −∆− 2Λ sin θ¯ −κ− 2Λ cos θ¯
 ,
and the diffusion n(t) = [0, ξ(t),
√
2κδxin,
√
2κδyin]
T
being the noise sources. Here θ¯ = Ωt − θ, and Gx,
Gy are real part and imaginary part of the effective
optomechanical coupling G(t) ≡ g 〈a(t)〉 /√2. If all
the eigenvalues of the matrix M(t) have negative real
parts at any time (i.e. the Routh-Hurwitz criterion)
[47], the system will be in stable in the steady state.
On the other hand, since the system in the steady
state will evolve into an asymptotic Gaussian state
for a Gaussian-typed of noise [48], we can then char-
acterize the second moments of the quadratures of the
asymptotic state through the covariance matrix (CM)
V (t), with the matrix elements being
Vk,l(t) = 〈uk(t)u†l (t) + u†l (t)uk(t)〉/2. (A4)
From Eqs. (A3) and (A4), we can easily derive a lin-
ear differential equation governing the evolution of the
CM V (t)
V˙ (t) = M(t)V (t) + V (t)MT (t) +D, (A5)
where M(t)T is the transpose matrix of M(t), and
D = diag[0, γm(2nm + 1), κ(2na + 1), κ(2na + 1)]
is a diagonal noise correlations matrix, defined
by δ(t − t′)Dk,l = 〈nk(t)n†l (t′) + n†l (t′)nk(t)〉/2.
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Figure 3. (Color online) Variances of the mechanical mo-
mentum fluctuation
〈
δp(t)2
〉
versus rescaled time t/τ for
the modulation sidebands driving amplitudes E±1 and the
parametric gain Λ being (i) E±1 = 0, Λ/κ=0.3 (black),
(ii) E±1/ωm = 0.7×104, Λ/κ = 0 (green), (iii) E±1/ωm =
0.7×104, Λ/κ=0.3 (red). The dash line represents the mo-
mentum variance of the vacuum state
〈
δp(t)2
〉
vac
= 0.5.
Other parameters are the same as in Fig. 1(c),(d).
The first two diagonal elements V11(t) =
〈
δq(t)2
〉
,
V22(t) =
〈
δp(t)2
〉
of V (t) represent the variances
of the fluctuations in the mechanical position and
momentum, and the last two terms V33(t) =
〈
δx(t)2
〉
,
V44(t) =
〈
δy(t)2
〉
represent the variances of the
fluctuations in the amplitude and phase of the cavity
mode. The mechanical oscillator is position- or
momentum-squeezed if either
〈
δq(t)2
〉
< 1/2 or〈
δp(t)2
〉
< 1/2 in the steady state. The degree
of the squeezing can be expressed in the dB unit,
which can be calculated by −10 log10 〈
δo(t)2〉
〈δo(t)2〉vac (or
o = p, q), with
〈
δq(t)2
〉
vac
=
〈
δp(t)2
〉
vac
= 1/2 being
the position and momentum variances of the vacuum
state.
Recalling that the asymptotic behavior of the first
moments of the mechanical mode and the cavity mode
is τ = 2pi/Ω periodic in the steady state, then we can
find that the drift matrix M(t), which is related to
〈a(t)〉 and 〈q(t)〉, satisfiesM(t+τ) = M(t) and there-
fore V (t + τ) = V (t) according to the Floquet the-
ory [49]. By solving the evolutional equation (A5) of
the CM V (t), we have calculated the time-dependent
variances of the mechanical momentum
〈
δp(t)2
〉
for
the optomechanical system with (i) OPA, (ii) peri-
odic driving, and (iii) both OPA and periodic driv-
ing, as shown in Fig.3. It has been realized that
the cavity solely pumped by parametric interaction
(with E±1 = 0) [29] and solely modulated by pe-
riodic driving (Λ = 0) [27] can both lead to me-
chanical squeezing, the degree of which (correspond-
ing to the minimum of
〈
δp(t)2
〉
) can reach 1.44 dB
(
〈
δp(t)2
〉
min
= 0.359) for Λ/κ = 0.3, and 5.13 dB
(
〈
δp(t)2
〉
min
= 0.153) for E±1/ωm = 0.7 × 104, re-
spectively. However, we note that, by combining OPA
and periodic driving simultaneously, the mechanical
squeezing will be greatly enhanced, the degree of mo-
mentum squeezing can achieve as large as 6.31 dB
(
〈
δp(t)2
〉
min
= 0.117), which is far beyond the 3 dB
limit, required for ultrahigh-precision measurements.
Appendix B: The steady-state “momentum”
fluctuation of the Bogoliubov mode
The QLEs (15) can be solved in the adiabatic ap-
proximation under the condition of κ  |gB |. For
this purpose, we rewrite the equations of motion for
δa˜ and δa˜†:
δ ˙˜a = −κδa˜+ igBδB + 2Λeiθδa˜† +
√
2κa˜in,
δ ˙˜a† = −κδa˜† − ig∗BδB† + 2Λe−iθδa˜+
√
2κa˜†in.(B1)
Setting δ ˙˜a = δ ˙˜a† = 0 and θ − 2φ0 = 0, it is readily to
find
δa˜ = i
gB
κ(1− Λ¯2)
(δB + Λ¯δB†)
+
√
2κ
κ(1− Λ¯2)
(a˜in + Λ¯e
iθa˜†in). (B2)
Inserting Eq. (B2) into δB˙ = ig∗Bδa˜ − γm2 δB +√
γmBin, we have
δB˙ = − |gB |
2
κ(1− Λ¯2)
(δB + Λ¯δB†) +
√
γmBin
+
ig∗B
√
2κ
κ(1− Λ¯2)
(δa˜in + Λ¯e
iθδa˜†in). (B3)
Here, the term γm in the coefficient of δB is safely ig-
nored in our parameter regime. Then the equation of
motion for the “momentum” of the Bogoliubov mode
δpB is given by
δp˙B = − |gB |
2
κ(1 + Λ¯)
δpB + d(t) + v(t), (B4)
where d(t) = 1i
√
γm
2 (Bin − B†in) and v(t) =
g∗B
√
κ
κ(1+Λ¯)
(a˜in − a˜†in)eiθ, whose correlation functions are
〈d(t)d(t′)〉 = γm2 (2 sinh2 r + 1)(2nm + 1)δ(t − t′) and
〈v(t)v(t′)〉 = |gB |2
κ(1+Λ¯)2
(2na + 1)δ(t − t′), respectively.
Based on these equations, we obtain the equation for〈
δp2B
〉
as
∂〈δp2B〉
∂t
= − 2|gB |
2
κ(1 + Λ¯)
〈δp2B〉+
|gB |2
κ(1 + Λ¯)2
(2na + 1)
+
γm
2
(2 sinh2 r + 1)(2nm + 1). (B5)
As a result, the steady-state “momentum” fluctua-
tion of the Bogoliubov mode can be solved by setting
∂〈δp2B〉
∂t = 0, giving rise to Eq. (16) in the main text.
7Appendix C: Optomechanical squeezing in the
rotating wave approximation
Taking the Fourier transform of Eq. (9) by
using f(t) = 12pi
∫ +∞
−∞ f(ω)e
−iωtdω and f†(t) =
1
2pi
∫ +∞
−∞ f
†(−ω)e−iωtdω, we obtain the position and
momentum fluctuations of the movable mirror in the
frequency domain, i.e.
δq˜(ω) = A1(ω)x˜in(ω) +B1(ω)y˜in
+E1(ω)q˜in(ω) + F1(ω)p˜in,
δp˜(ω) = A2(ω)x˜in(ω) +B2(ω)y˜in
+E2(ω)q˜in(ω) + F2(ω)p˜in,
(C1)
where
A1(ω) = −
√
2κi
d(ω) {[Λ(α0 − α1) + iu(ω)Im(g0 − g1)]v(ω)
+i(|g0|2 − |g1|2)Im(g0 − g1)},
B1(ω) =
√
2κ
d(ω){[Λ(β0 − β1)− u(ω)Re(g0 − g1)]v(ω)
−(|g0|2 − |g1|2)Re(g0 − g1)},
E1(ω) =
√
γm
d(ω) {[u(ω)2 − 4Λ2]v(ω)
+(|g0|2 − |g1|2)u(ω) + Λ(Γ0 − Γ1)},
F1(ω) =
√
γm
d(ω) iΛ[(g0 − g1)2e−iθ − (g∗0 − g∗1)2eiθ],
A2(ω) =
√
2κ
d(ω){[Λ(β0 + β1) + u(ω)Re(g0 + g1)]v(ω)
+(|g0|2 − |g1|2)Re(g0 + g1)},
B2(ω) =
√
2κi
d(ω) {[Λ(α0 + α1)− iu(ω)Im(g0 + g1)]v(ω)
−i(|g0|2 − |g1|2)Im(g0 + g1)},
E2(ω) =
√
γm
d(ω) iΛ[(g0 + g1)
2e−iθ − (g∗0 + g∗1)2eiθ],
F2(ω) =
√
γm
d(ω) {[u(ω)2 − 4Λ2]v(ω)
+(|g0|2 − |g1|2)u(ω)− Λ(Γ0 − Γ1)},
(C2)
with α0 = g0e−iθ − g∗0eiθ, α1 = g1e−iθ − g∗1eiθ , β0 =
g0e
−iθ + g∗0e
iθ, β1 = g1e−iθ + g∗1eiθ , Γ0 = g20e−iθ +
g∗20 e
iθ, Γ1 = g21e−iθ + g∗21 eiθ, u(ω) =
γm
2 − iω, v(ω) =
κ− iω and
d(ω) = [u(ω)v(ω) + (|g0|2 − |g1|2)]2 − 4Λ2v(ω)2.
(C3)
The first two terms in δq˜(ω) and δp˜(ω) originate
from the radiation pressure contribution, and the last
two terms are from the thermal noise contribution.
Without optomechanical coupling (g0 = g1 = 0),
the mechanical mode subjected to the purely thermal
noise will make quantum Brownian motion leading to
δq˜(ω) =
√
γm
γm
2 −iω q˜in and δp˜(ω) =
√
γm
γm
2 −iω p˜in. The expres-
sions of the spectra for the position and momentum
fluctuations of the mechanical mode are (Z = q˜, p˜)
SZ(ω) =
1
4pi
∫ +∞
−∞ dω
′e−i(ω
′+ω)t
×[〈δZ(ω)δZ(ω′)〉+ 〈δZ(ω′)δZ(ω)〉],
(C4)
which can be solved by using the correlation functions
of the noise sources in the frequency domain [29]
〈q˜in(ω)q˜in(ω′)〉 = 〈p˜in(ω)p˜in(ω′)〉
= (nm +
1
2 )2piδ(ω + ω
′),
〈q˜in(ω)p˜in(ω′)〉 = −〈p˜in(ω)q˜in(ω′)〉
= i22piδ(ω + ω
′),
〈x˜in(ω)x˜in(ω′)〉 = 〈y˜in(ω)y˜in(ω′)〉
= (na +
1
2 )2piδ(ω + ω
′),
〈x˜in(ω)y˜in(ω′)〉 = −〈y˜in(ω)x˜in(ω′)〉
= i22piδ(ω + ω
′),
(C5)
and are given by
Sq˜(ω) = [A1(ω)A1(−ω) +B1(ω)B1(−ω)](na + 12 )
+[E1(ω)E1(−ω) + F1(ω)F1(−ω)](nm + 12 ),
Sp˜(ω) = [A2(ω)A2(−ω) +B2(ω)B2(−ω)](na + 12 )
+[E2(ω)E2(−ω) + F2(ω)F2(−ω)](nm + 12 ),
(C6)
where the first term proportional to (na + 12 ) and the
second term proportional to (nm + 12 ) correspond to
the radiation pressure contribution and thermal noise
contribution, respectively. For g0 = g1 = 0, Eq.
(C6) Sq˜(ω) = Sp˜(ω) = γmγ2m
4 +ω
2
(nm +
1
2 ) are simply
Lorentzian lines with full width γm at half maximum.
The variances in the position
〈
δq˜2
〉
and momentum〈
δp˜2
〉
of the mechanical mode are finally obtained by
〈
δZ2
〉
= 12pi
∫ +∞
−∞ SZ(ω)dω, (C7)
giving rise to the numerical results in Fig. 2(c)-(d)
(marker).
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